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1. Introduction

In calculations relating to deep inelastic scattering the operator product expansion plays
an important role in allowing one to evaluate the underlying current correlators. In essence
there are two parts to the formalism. The first is the basis of gauge invariant operators
into which the current correlators are decomposed and the other is the process dependent
Wilson coefficients. For high energy experiments the dominant set of operators are those of
leading twist defined as the difference between dimension and spin. The Wilson coefficients
are determined from the specific process of interest and are computed in perturbation
theory. To understand the physics at various energies one requires the solution of the
underlying renormalization group equation at some particular loop approximation and
necessary for this are the anomalous dimensions of the operators of the basis. With the
increased precision now demanded by experiments the goal in recent years has been to
ascertain the anomalous dimensions at three loops as an analytic function of the moment,
n, of the operators. This has been achieved by the magnificent computation of [[—[] for
the twist-2 flavour non-singlet and singlet Wilson operators in the MS scheme as well as
the Wilson coefficients to the same order which extended the lower loop results of [f—[7.
Hence the full two loop renormalization group evolution has been determined. However,
one feature which cannot be deduced from perturbative techniques is the underlying matrix
element which is non-perturbative in nature and has to be deduced by use of the lattice
where various moments of the matrix element have been determined for low moments.



See, for example, the ongoing work of the QCDSF collaboration, [§—[[J], and others, [[[4 -
[[7]. However, in making measurements of matrix elements, which ultimately will provide
accurate predictions for experiments, there are several issues.

First, to reduce computation time and consequently cost, the matrix elements are de-
termined on the lattice in a renormalization scheme geared for this problem which is known
as the regularization invariant (RI) scheme and its variation called the modified regular-
ization invariant (RI') scheme, [[§]. Both are mass dependent renormalization schemes.
However, when the results are extracted in this scheme they need to be converted to the
reference MS scheme which is a mass independent scheme. An early example of the appli-
cation of this approach is given in [Id, R(]. Second, to ensure that the results are credible
when evolved to large energy they must match the perturbative result for the matrix ele-
ment in the same renormalization scheme. There are several ways of achieving this. One
is to use a non-perturbative approach such as the Schrédinger functional method, [21].
The other is to compute the matrix element to as many orders as possible in conventional
perturbation theory and then match the lattice results to the explicit perturbative results
in the same renormalization scheme. Previously that has been the approach of Chetyrkin
and Rétey, 0], and [P, PJ|. Specifically, various quark currents have been considered in-
cluding the tensor current as well as the second moment of the flavour non-singlet Wilson
and transversity operators. The latter was originally introduced in [24-Rf] and relates
to the probability of finding a quark in a transversely polarized nucleon polarized paral-
lel to the nucleon versus that of the nucleon in the antiparallel polarization. The results
of [Rd, P2, | have been important in the matrix element lattice computations of [[[1]-[[7].
Necessary for the three loop perturbative calculations of the Green’s functions with the
operator inserted has been the full three loop renormalization of QCD in the RI’ scheme
in an arbitrary linear covariant gauge, [0, PJ|. Given that there has been an advance in
computing technology in recent years, it transpires that it is now feasible to measure higher
moments of the underlying matrix elements on the lattice since essentially there has been a
significant improvement in numerically isolating a clear signal. Therefore to assist the full
matching procedure in the ultraviolet region to produce accurate estimates, it is necessary
to extend the approach of [23, to higher moments of these two classes of operators.
This is the purpose of this article where we will consider the third and fourth moments
of the flavour non-singlet Wilson and transversity operators in an arbitrary linear covari-
ant gauge. There will be two parts to this venture. The first is the determination of the
anomalous dimensions of the operators at three loops in MS and RI’. Whilst the second is
to produce to the same loop order the value of the Green’s function involving the operator
itself inserted in a quark 2-point function in both schemes. Although it is worth noting that
for the lattice, only the Landau gauge results are relevant since that is the gauge in which
lattice measurements are made. The full arbitrary gauge calculation, being more com-
plete, is actually important for internal checks on the loop computations. Whilst the even
moments are appropriate for deep inelastic scattering experiments, the odd moments are
accessible on the lattice and can serve the purpose of a testing ground for technical issues
for higher moment lattice matching. Whilst the Wilson operator anomalous dimensions
are known already at three loops in MS, [fl, P], we note that what is required are the values



of the specific Green’s function with the operator inserted which has not been determined
previously. In also considering the transversity operator, we will deduce new anomalous
dimensions at three loops in both MS and RI’ beyond the earlier two loop calculation
of [27—B1]. Moreover, since we will be using symbolic manipulation and computer algebra
tools and given that the Wilson and transversity operators are both formally similar, the
actual computations are efficiently performed through the same computer programmes.

The paper is organised as follows. In section 2 we review the basics of the RI’ scheme
and introduce the properties of the operators we will consider. The full three loop anoma-
lous dimensions for these operators are given in both schemes in section 3, whilst the same
information for the underlying Green’s functions are provided in section 4 including the
restriction to the colour group SU(3) and the Landau gauge. Section 5 records the explicit
functions which convert all the three loop anomalous dimensions between the MS and RI’
schemes with concluding remarks given in section 6. Several appendices summarize the
projection of the Green’s function onto the basis of independent Lorentz tensors sharing
the same symmetry properties as the corresponding operator, as well as the construction
of the full operator with these symmetries.

2. RT scheme

In this section we discuss the definition of the RI' scheme and properties of the operators
we are interested in. First, we recall that the standard renormalization scheme is the
MS scheme, [B2], where the poles with respect to the regulator are absorbed into the
renormalization constants. Its widely used extension, MS, which is also a mass independent
scheme additionally absorbs the finite part In(4we™”) where v is the Euler-Mascheroni
constant, [BJ]. By contrast the regularization invariant schemes, [lf], are mass dependent
schemes which from the point of view of the Lagrangian is the scheme where the quark

2-point function not only is rendered finite but also chosen to be unity through the RI
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where 3y (p) is the quark 2-point function with external momentum p, ZL2 is the quark

definition

= 1. (2.1)
p2 = 2

wave function renormalization constant in the R renormalization scheme and p is the scale
introduced to ensure that the coupling constant remains dimensionless in d dimensions
when using dimensional regularization with d = 4 — 2¢. However, in practice since taking
a derivative is (financially) costly on the lattice, one takes a variation of this definition (R.1),
to define the RI’ scheme which does not involve differentiation, [I§], which is

= p. (2.2)

. RI’
lim |25,

Although this is primarily the key to defining the scheme on the lattice as well as the
continuum, the full three loop renormalization of QCD has been performed in an arbitrary
linear covariant gauge and colour group in [2J]. Additionally part of the four loop renor-
malization has been performed for SU(N,) in [R(]. However, in 23] the other field 2-point



functions were defined in an analogous way to (R.4). Further, by contrast the 3-point
functions were renormalized according to the usual MS condition. So that those Green’s
functions were not constrained to be unity. Consequently, the relationship between the
variables in both schemes were established to three loops and specifically are, [27],

agr = a3 T O< MS) (2.3)

where a = ¢?/(167%) in terms of the coupling constant ¢ in the definition of the covariant

derivative D,,, and for the arbitrary linear covariant gauge parameter a,
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31104] or + O<aMS) (2.4)

where Tr, Cr and C4 are the usual group theory factors defined by

+ (2101248¢(3) — 2842368) CT7N7)

T (T°T") = Tpo™ | T°T" = Cpl , [*If'! = o (2.5)

for colour group generators T ((n) is the Riemann zeta function and the scheme of the
variable is indicated as a subscript. Clearly only in the Landau gauge, where o = 0, are the
variables equivalent. Although ultimately we are interested in the Landau gauge for the

lattice matching, we have chosen to compute in an arbitrary linear covariant gauge as the



extra o dependence, evident in expressions such as (R.4)), will provide a central checking tool
in the loop computations. For instance, in a mass independent renormalization scheme the
anomalous dimension of a gauge invariant operator is independent of the gauge parameter.
Though this is not the case for mass dependent schemes such as RI’ which will be apparent
in our explicit results.

More specifically the non-singlet operators we will focus on are

O‘l;[}I/n — STZJ’)’VIDV2 . Dunw
Oél:‘l/l---l/n _ Siﬁa’wlDW ... D"y (2.6)

with n = 3 and 4 where 0" = 1[y*,~4"] and is antisymmetric in its Lorentz indices. The
operator S in both sets denotes the symmetrization of the Lorentz indices {v1,...,v,} and
the selection of the traceless part according to slightly different criteria for both cases. For
the Wilson operators this is

77ij O{l;[i'mwmyjmyn = 0. (2'7)

Whilst for the transversity operators, [@],

nuyioéﬁul...ui...un — 0 (Z 2 2)
nyiljjoéﬁul...ui...uj...un — 0 . (28)

Therefore, the transversity operator has formally one less traceless condition compared to
the Wilson operators.

For the renormalization of an operator in a quark 2-point function, which will be ei-
ther (¢(—p)Of: " (0)(p)) or ((—p)O4* " (0)1(p)), the RI' scheme definition is similar
to (P-2), [I§—P0. B4, BJ. However, as the operators we will consider will carry Lorentz
indices this 2-point function will decompose into several invariant amplitudes which may
or may not have a tree (T') or Born term. For those amplitudes which have a tree term,

the RI’ scheme definition is, [J],

: I I's-(T
lim, [Zg ZR zg)(p)}

€ —

e =7 (2.9)
where Eg) (p) is the tree part of (1)(—p)O(0)y(p)) and 7T is the value of the tree term
amplitude which may not necessarily be unity. In other words there is no a dependence
in 7. The explicit details of our choice of how to construct the Green’s functions in
terms of a basis of Lorentz tensors satisfying the same symmetry properties as the original
operator are given in appendix A. This summarizes the procedure we will use to extract
the renormalization constants of the operators which will then be encoded in the associated
anomalous dimensions through the respective definitions

EvTl aanM_S Vi aanM_S
o8 a) = ﬂ(a)TaO - QWQAS(@)TJJ (2.10)
and RI RI'
' oln”Z r o 0lnZ
o (a) = — ﬁ(a)To — oM (G)TO (2.11)

where vgll(a) is given in [RJ].



3. Anomalous dimensions

Having described in detail the method of renormalizing in the RI’ scheme, we now record
the explicit three loop results for the anomalous dimensions in this section. In construct-
ing our results we made extensive use of the MINCER package, [@, @], written in the
symbolic manipulation language FOrRM, [Bf]. The MINCER algorithm, [B4], determines the
divergent and finite parts of massless 2-point functions using dimensional regularization in
d-dimensions. Therefore, it is ideal for the current problem since the Green’s functions we
are interested in are massless quark 2-point functions with the appropriate operator in-
serted at zero momentum. This is the momentum configuration which is measured on the
lattice. Moreover, since we are concerned with operators which are symmetrized in their
Lorentz indices and satisfy various tracelessness conditions in addition to being flavour
non-singlet operators, there is no possibility of mixing into other operators. This is an
important observation since ordinarily nullifying the momentum flow through the operator
could lead to the inability to correctly determine the projection into the full basis of opera-
tors. (For a clear exposition on the deeper perils of operator mixing see, for example, [B7].)
The fact that each of the operators is multiplicatively renormalizable avoids this potential
technicality. For our three loop computation we generated the Feynman diagrams with the
QGRAF package, [BY]. Specifically there are 3 one loop, 37 two loop and 684 three loop
diagrams to be calculated. Though for the operators with no three gluon and two quark
leg operator insertions the latter total is reduced by 14. Finally, the electronic QGRAF
output is converted into FORM input notation and the FORM version of the MINCER algo-
rithm, [BY), is applied to the 724 Feynman diagrams. The actual Feynman rules for each
operator were generated automatically in FORM. First we constructed the object with the
same symmetry and traceless conditions as the operators we are interested in. The explicit
details for each operator are given in appendix B. Then we applied an algorithm which
systematically substitutes for the covariant derivatives and functionally differentiates with
respect to the various fields present to produce electronic forms of the 2, 3, 4 and 5-point
operator vertex insertions.

Now we provide our results in MS. For completeness we give those for the two Wilson
operators and note that we found exact agreement with the results first deduced in [fl, B,

6, BY, Bq]. These are

’Y%Dupfw(a) = %Cpa + Cp [%CA B %CF B 45%45 F]Vf] P
e KE)_?’SC(?)) " %> Ca- <55C(3) " 31151525123> CACr
_ (?C(i&) + %) CATrN; + (%C(?’) - 25?%) Cr
+ (? (3) - %) CrTrN; — %T}%Nf} 3
e (3.1)



and

157 Cra?
V%EDVD(,D,, w( a) = —CFCL + [1292560C4 — 287303CF — 5308407 Ny] 54% 0

+ [(932472000¢(3) + 6803318650) C3
— (2797416000 (3) + 1335140785) CAC
(4069440000¢ (3) + 1760516200) CoTr Ny
+ (1864944000¢(3) — 714245693) C3
( (3)
? recanana

+ (4069440000¢(3) — 3304751260) CrTrNy
a3

30742160077 N + O(a*) (3.2)

48600000

where we note that throughout the article when the operator appears explicitly as a sub-
script on an object, it is regarded as a label and the free indices do not endow the object
with tensor properties. Likewise when we indicate the renormalization scheme on a quan-
tity which is evaluated in perturbation theory, that means that the variables in which it
is expressed, such as a and «, are regarded as the variables in the same scheme. The
relationship between the variables in either scheme is given in (2.3) and (R.4). For the two
transversity operators the MS anomalous dimensions have not been given previously and
we find that

13 Cra?
yfp@i,mmw( ) = 5 Cra + [1195Ca — 311CF — 45275 Ny] =
+ [(10368¢(3) + 126557) C% — (31104¢(3) + 30197) CaCr
— (67392¢(3) + 38900) CoTr Ny + (67392¢(3) — 50552) CpTr Ny
C 3
+ (20736((3) — 17434) O} — 481612 7] ; + O (33)
and
Cra?

P e e (@) = ?Cm + [1357C4 — 296Cy — 554Tp Nj]
+ [(272160¢(3) + 2893009) C% — (816480¢(3) + 662155) CACF
— (1658880¢(3) + 798892) CoTrN;
+ (544320((3) — 235100) C%
+ (1658880¢(3) — 1328860) CrTr Ny
3
1091%0 + O(a4) :

There are several checks on these two expressions. First, as we have computed them in an

1177767 N7 | (3.4)

arbitrary covariant gauge their final form must be independent of the gauge parameter in
a mass independent renormalization scheme, which is apparent in (B.3) and (B.4), [B2, (1]

Second, part of each of the three loop terms has in fact already been determined by the
large Ny expansion in BJ]. There the leading order critical exponent corresponding to the
anomalous dimension evaluated at the non-trivial d-dimensional fixed point of the QCD (-

function was determined in d-dimensions using a method that was originally developed to



study the perturbative structure of scalar field theories, [, [[]. This critical exponent, R3],
encodes all orders information on the corresponding renormalization group function at
O(1/Ny). Therefore, if we formally write the leading O(1/Ny) part of the arbitrary n
transversity operator anomalous dimension as, [R3],

[ co r—1
MS i AT
’yg;)/wl D”2...DVnw(a) = CF bla + (bngFNf + bgo) a2 + Z Z brogﬁijar (3.5)

r=3 j=0
then the leading order coefficient of the Ny polynomial at three loops is given by

b = o 4885 (n) — 8085(n) — 1681 (n) + X

17n? 4+ 17n — 8)] (3.6)

n(n+1)

where Sy(n) = Y. | 1/i'. Evaluating this for n = 3 and n = 4 reproduces the correspond-
ing coefficients in (B.3) and (B.4) respectively. As a final check we note that we have used
the method of [i4] to perform the automatic renormalization of Green’s functions at high
loop order. This entails computing the Green’s functions as a function of the bare cou-
pling constant and bare gauge parameter. The counterterms are then introduced at the
end of the computation by rescaling by the known renormalization constants. Therefore,
the remaining divergence is absorbed by the renormalization constant associated with the
Green’s function. Moreover, given the way it has been deduced, the non-simple poles in
€ are constrained to satisfy a specific form depending on the lower order simple poles due
to the underlying renormalization group equation. This is a non-trivial checking criterion,
especially in the presence of parameters such as the gauge parameter and group Casimirs,
and it is reassuring to record that all the renormalization constants determined for the
above anomalous dimensions precisely satisfied this criterion. Implicit in this final check is
the fact that the already known two loop anomalous dimensions of [R7-B1|] are correctly
reproduced when the n-dependent results are evaluated for n = 3 and n = 4. All these
checks therefore give us confidence that not only are all our expressions correct but also,
for example, that the original Feynman rules were correctly generated.

Having established the MS anomalous dimensions it is then relatively straightforward
to deduce the anomalous dimensions in the RI’ scheme. This is achieved by replacing the
renormalization constants which scale the bare internal parameters and that of the overall
quark wave function, by those of the RI’ scheme and then impose the RI’ scheme definition
for the operator renormalization, (B.9). As a check on the resulting renormalization con-
stants, the non-simple poles in € also have to satisfy various constraints emanating from
the renormalization group equation, similar to those of the MS scheme. We note, for com-
pleteness, that these are fulfilled. Therefore, we record the corresponding three loop RI’
anomalous dimensions are, in four dimensions,
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+ (32400 — 91260a” — 1043460a — 171072¢(3) — 8028146) C4Cr
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and
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+ [(8910a* + 800550° — 23328((3)a? + 38784602
— 241056 (3)a + 12791970 — 1902528((3) + 13940156) C3
+ (62100” + 34200 — 157170c + 746496( (3) — 2737412) C4Cr
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Cpa3
41472 —34 2 4149120072 N?
+ (414720¢(3) — 348680) C% + 149120077 Ny | TO1I0
+ O(a") (3.8)
for n = 3. Further, for the n = 4 operators we have
. 1
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Cra?
— 11295607 N,

# Nl 51000
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and
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+ [(162000* + 1507680 — 46656¢(3)a” + 731421a*
— 482112¢(3)a + 24354090 — 3214080¢(3) + 27763364) C3
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+ (93696 + 1990656 (3) — 1687424) CpTr Ny
31104
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+ (870912¢(3) — 376160) C# + 31385607 N7 |

in four dimensions. Clearly they all satisfy the trivial check that the one loop term is scheme
independent. Though since the RI’ scheme is a mass dependent one, the anomalous dimen-
sions will not necessarily be independent of the gauge parameter as is clearly the case above.

Although we have performed the computation in an arbitrary gauge and colour group,
for practical purposes it is useful to specify the results for SU(3). Therefore, the MS

transversity anomalous dimensions are

TS SU(3) 52 a2
MS _9e B

Yorv Do Doy a)‘ =3¢ 2[678 Ny — 9511] YR
— [10836N7 + 505440 (3) Ny + 8284621y

3

- 51840((3)—8885081]6;ﬁ + 0 (3.11)

and

NS SUB) 64 a?
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M pepeprp(@] = o — 2[831N; —11029] 2
— [264996Nf2 + 12441600¢ (3) Ny + 18758202N¢

3

131220
where Tp = 1/2, Cp = 4/3 and C4 = 3 for SU(3). In addition for the RI’ scheme we record
each of the anomalous dimensions in the Landau gauge since that is the gauge primarily

— 1360800¢(3) — 206734549)] + O(a®)(3.12)

used in matching to lattice results. We have

SU@3) 50 2

RY B a
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3
a
— 241240032 1 494 (3.1
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/ SU@B) 314 a2
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Vipyh Dv Do Doy (@ LZO = [423585N; — 6325537 2037

+ [5601407400]\7112 — 4996080000¢ (3) Ny — 216935001960y
3

164025000
+ O(a*) (3.14)

— 167030100000¢(3) + 1651820638271]

,10,



for the Wilson operators. Whilst

/ SU(3) 52 a2

RI

AL e )(azo = o — 4[666N; —10151) 5
+ [838300N7 — 684288¢(3)N; — 334323841}
3
— 3014884 256256731 4 (31
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RI
VL e e e @ ﬂ =g — Bl68AN; 10213 S

+ [1765440N7 -1492992g( )N} — 68291094 N;
3

52488

— 56935872¢(3) + 515247289 + O(a*)(3.16)

for the transversity case.

4. Finite parts

In this section we record the three loop MS and RI’ expressions for the amplitudes of
the various Green’s functions we computed to obtain the previous anomalous dimensions.
These are essential for lattice matching computations which therefore necessitates their
tedious presentation. The specific definitions of the quantities Eg) (p) are, as noted be-
fore, given in appendix A. It is worth pointing out that not all the amplitudes have an a
independent leading term.

First, for the Wilson operator with n = 3, we have

(1) MS ﬁnite( )

1 2
D = (— + —a) Cra
p? = p? 33

Jyu DYDY
(5 - Sca+ B+ a2 - 5c)) crey
&%%—%a%&+%@0@~%%ﬂ@}
K-%%M@%&M—%%% w%m)wﬂﬁﬂA

6480023 3727 750413
- 2
( To120 120 Bt Al + ogera

47 1 49223 401
— @)’ + 2(B)a” + ora® + orea’

4320 216
9563 67
——{u——wﬂwﬁ
9811619 25 51839 )
<_W —C(3)a +8¢(5 )O‘_Tw a—(B3)a

— 11 —



and
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For the n = 4 case we have
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Turning to the case of the transversity operator, for n = 3 we have

(1) MS finite _ 1 _ 19 5
IZUHVDUDpw (p) p2:M2 - 18 |:1 + |:< 18 6@ CF a

+K— %—EC(BM—% o 2+%C(3)> CrCa

810 360 ¢ 12"

26467 119 17 , 48 , 2197 )
e a — sta? = 22((3) ) O + N TR C
+<810+18a 36" 54()> T fFF]“
2254181 124 32359
K eI RS oY

3404 104
+ WC(?)) + ?C(ﬁl)) NfTFCFCA

- 14 —



< 699751 104 18349
- o

(3 —
51870 T 9“3 g6
11176 104
— ———((3) = ——C(4) | NyTpC?
f35C) — () ) NTeCE
177970 416
. _ 223y N2T2C
( 2187 81 C()> fRERE
260680459 | 5537
349920 ' 180

3 3

(B)a+ Z¢(@Wa = S((B)a
95953 133 3 4

— 206 @+ 5o S’ + 15¢H)a” + 2¢(B)a”

227 s

35543
864

1
L uYYIEY 20— 3
2160 @ 3@
194707 463 139
3) — ——C(4) — —=¢(5) | OpC?
T35 <9~ e 0 = () ) €
77900401 3983 635081
- )+ 4C(5)a + o
<1M%O go SBlaF4cBlat Zgg-a
5 ., 14501 , , 1 4, 9163
6ot Jage @ T BT~ 5pat = T
+ 22¢(4) —20¢(5)) C#Ca
<265849 410 4TI 26
a_

¢(3)

2
79290 + ?C(?)) —a+ —C(?))Oz

972 3
5063 , 2 , 115 , 15518
I 223 S003 - 2203
o @ 3B+ ot — o5 <)

_5?q®—3%wOC%Lﬂ + O(a") (4.5)

with further calculation giving
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For the fourth moment of the transversity operator we have
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The remaining amplitudes are related to the first through
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Finally, for practical purposes we provide the general results for the specific case of

the Landau gauge when the colour group is SU(3). Therefore, we have
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For the RI’ scheme we note that
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Further, for the next Wilson operator
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SU(3),a=0
= (—1) by construction, we note
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For the transversity cases, when n = 3 we have
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Finally, for the transversity moment n = 4 we have

SU(3),a=0 1 293 118621 13151593 85 )
o 5“3) a

= 32 864" T | 155520° 7 T 1866240

Yot Do DP DMy)

p2=p2
25433893 16
o ((3) ) NP
[(20995200 213 )> !
20277921581 1943 40
- - ——((4) | N,
( s03ssas00 194" T 376! )> !
2013899793847 146176079 3
8062156800 2799360
2693 52991
—((4) + —=¢(5)| a® + O(a* 4.17
b o)+ TE®)] o+ 0 )
with clearly
(1) RI’ finite SU(3),a=0 . 1 4
&O“VD‘TDPD)‘w p p2:M2 - = ﬁ + O(CL ) . (418)

5. Conversion functions

An additional check on our computations is provided by the conversion functions for each
of the operators we have considered. These functions allow one to convert the anomalous
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dimension of the operator in one renormalization scheme to that in another scheme and
are defined by the ratio of the renormalization constants in both schemes

ZRI/
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where one needs to express the MS variables in terms of the RI’ scheme using (2.3) and (R.4)
in order to compare with the anomalous dimensions from the explicit computation. We
record that the conversion functions for the various operators we are interested in here are
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where the coupling constant and gauge parameter are in the MS scheme. We note that the
same RI’ anomalous dimensions are determined as previously.
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6. Discussion

We have provided the finite parts of various Green’s functions required for the renormal-
ization of the n = 3 and 4 moments of the non-singlet twist-2 Wilson and transversity
operators at three loops in both the MS and RI’ schemes. Since these are available at sev-
eral loop orders, the hope is that they will be central to the extraction of accurate values
for the matrix elements which will be measured on the lattice. From another point of view
the new MS anomalous dimensions which are now available for the moments up to and
including 4 for the transversity operator will provide a useful check on the full n-dependent
three loop transversity anomalous dimensions when they are eventually determined. The
impressive symbolic manipulation machinery which achieved the arbitrary n anomalous
dimensions for the twist-2 flavour non-singlet and singlet Wilson operators, [l @], can be
applied to the transversity case. Whilst this can be achieved in principle, in the interim
one could follow a similar direction to the earlier approach of [BY, (] where the anomalous
dimensions of the Wilson operators were determined to moment n = 10 and later to higher
moments, n < 16 (except n = 14), [, i§]. These explicit moments were then used to
construct solid approximations to the full anomalous dimensions which were then shown to
be credible in a substantial range of the z variable in, for example, [f7]. Given the advance
in computer capabilities since [BY, fIJ], it would seem to us that a fixed moment compu-
tation for the anomalous dimensions of the higher moments of the transversity operator
is certainly viable. Moreover, one would not be constrained by the choice of an arbitrary
covariant gauge and the use of the Feynman gauge would therefore reduce computer time.
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A. Projection tensors

In this appendix we record the decomposition of the various Green’s functions we have
computed into the various tensor bases. For the Wilson operators there are two indepen-
dent tensors consistent with the symmetries and tracelessness conditions of the original
operator. By contrast the Green’s functions involving the transversity operator require
three independent tensors. First, for the Wilson operators, for n = 3, we define

(W(=p)OR (O)0(P)) = E, 1 poyy (P) [p“P"P”?‘ N (di 2)’7(Wp i ] Ok

+ 32 peu®) [v(“p”p”) - 7P

(d+2)
2

p
(d+2)

"W”o)] e A
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Then

S ey (P) = [—(d Z(;Q) @34) [p“p”p"zﬁ— ( d]f 2)77(“”19")75]
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5 o pe(P) = [— % [p“p”p"zé— ( dzf 1"
x (pi)3<w<—p>0€v”"<o>w<p>> . (A.3)

In this appendix and the next in order to compactify our expressions, we note that the
symmetrization on Lorentz indices using parentheses excludes the standard normalization
factor. So, for instance,

X(,ul/o) — XMVO 4 XVOK 4 XOHY | XHOV | YOV 4 XVHO (A4)

Further, in our convention when this operation involves a tensor which is itself symmetric,
then one only counts the independent object once. So, for example,

nu(vnfw) — n(uvnffp) = pVnoP 4 Il 4 phrpro (A.5)

For the n = 4 moment of the Wilson operator we decompose the Green’s function into two
independent tensors with

2
(W (=p)O} " (0) Z S5 o prpoy W () (A-6)

Then each individual amplitude is given by the projections
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where the two basis tensors are
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Finally, for this particular case to ensure that the tree term of one of the amplitudes involves
unity, we have chosen to redefine the amplitudes as
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Turning to the cases for the transversity operators then for n = 3 the decomposition is

3
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i=1

Hence the coefficients are given by the three projections of the Green’s function
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where the choice of basis tensors is
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Finally, for the n = 4 moment of the transversity operator we set
3

Vo pA " ) Vo pA
W(=p)OF OB = D5 e pery T ) (A.13)
=1
where the three amplitudes are given by
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in terms of the three basis tensors
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Finally, it is worth observing that in the two loop computation of the anomalous dimensions
of |- f1. B B1] the Feynman rules were constructed by introducing a null vector A, which
projected out a part of the Green’s function which had a non-zero tree term and therefore
allowed for the extraction of the anomalous dimension. Since the lattice matching specif-
ically requires information on the full Lorentz structure of the Green’s function we cannot
follow that approach as the null vector would exclude access to several of the amplitudes
which are extracted from the data by choosing different momentum configurations.

B. Operators

In this section we list the full form of the four operators we considered which satisfy the
symmetrization and tracelessness properties. For the Wilson operators we have

o = W — W, (B.1)

(d+2)
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for n = 3 where

1_
W = Sy D" D7y (B.2)
and for n = 4
pvop uvop (uvygrop)0 ; (wv pop) 1179 @ B
where 1
WHor — ﬂqﬁw(“D”DpD")w. (B.4)

For the transversity operators, which have one fewer traceless conditions compared to the
Wilson operators, the full operators are more involved. For n = 3 we have

2
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where 1
T = o' D7D (B.6)

Finally, for n = 4 the fully symmetrized and traceless operator is
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